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Abstract---This paper presents the first endeavor to exploit the differential cubature method as an
accurate and efficient global technique for fundamental solutions of arbitrarily shaped thick plates.
The method is examined here for its suitability for solving the boundary-value problem of thick
plates governing by the first-order shear deformation theory. Using the method, the governing
differential equations and boundary conditions are transformed into sets of linear algebraic equa
tions. Boundary conditions are implemented through discrete grid points by constraining dis
placements, bending moments and rotations. Detailed discussion on the formulation and implemen
tation of the method are presented. The applicability, efficiency and simplicity of the method are
demonstrated through solving example plate problems of different shapes. The accuracy of the
method is verified by direct comparison with the known values. 1998 Elsevier Science Ltd. All
rights reserved.

I. INTRODUCTION

Thick plates are important structural elements which are used in a wide range of appli
cations, including ship hulls, covers for cylinders, water tanks, doors of bunkers and
hangars and armor plates for military vehicles and tanks. For some simple plate shapes
and boundary conditions, exact or analytical solutions to these problems are possible.
Apart from these, approximate methods are usually employed for the solutions of plates
of arbitrary shape and with complicated boundary conditions.

With the modern computer technology, various numerical methods were well
developed and widely used to solve various kinds of engineering problems which are
described by the partial differential equations. Among them, the finite element method
(FEM), the finite differential method (FDM) and the boundary element method (REM)
are the most powerful numerical tools and well established. These numerical methods are
able to provide accurate results if the distribution of meshes is properly selected and a large
number of grid points are used. However, in most practical circumstances, the moderately
accurate solutions are desired at only a few specillc points of the physical domain for rapid
evaluation. In order to achieve the solutions even at or around a point of interest with
moderate accuracy, the classical numerical methods such as FEM and FDM are still
requiring a large number of grid points. As a result, the computational efforts and costs in
mesh refining are usually unnecessarily large in such cases.

To cut down the computational cost for global problems, the differential quadrature
(DQ) method was introduced (Bellman and Casti, 1971, 1972) and is now being actively
researched in its development and application to the structural mechanics analysis (Bert et
al., 1988, 1989; Pandya and Sherbourne, 1991; Striz et al., 1994; Liew et al., 1996).
However, the applications of DQ method as mentioned above were restricted to problems
in rectangular variable domain. In order to extend the DQ method for solution of problems
to non-rectangular domain, Shu and Chew (1994) adopted the curvilinear coordinates and
combined with the DQ method to solve the in-compressible Navier--Stokes equations. The
DQ method was further developed for bending anal¥sis of Reissner/Mindlin plates with
arbitrary quadrilateral geometry (Liew and Han, 1997) and straight or curvilinear bound
aries (Han and Liew, 1997) by using the geometric coordinate mapping technique. Either
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of them needs to make coordinate transformations. If the orders of the differential equations
are higher than three, the transformations become complicated and cumbersome.

To overcome the above difficulty, Civan (1994) introduced a novel numerical tech
nique, the differential cubature (DC) method as an accurate alternative to the differential
quadrature method when dealing with multi-dimensional differential equations. The DC
method is a direct discretization method which approximates the partial derivatives of a
function by means of polynomials which expressed as a weighted linear sum of the function
values at the grid points in the domain. The practical importance of the DC method is that
it needs to use only a few grid points which is able to obtain an acceptable accuracy in an
arbitrary domain. Besides, the DC method is much simpler than the DQ method when
treating the multidimensional problems. Although the DQ method is also applicable to
multivariate problems as shown by Civan and Sliepcevich (1984), it is most suitable for one
variable problem, since it is based on a weighted linear sum of discrete function values in a
single variable. The DC method includes the effect of various variables in numerical
approximation. Civan (1994), in his publication, has shown that the DC method is excep
tionally efficient in solving the mathematical models of Buckley-leverett problem for water
flooding of naturally fractured oil bearing reservoirs and that the DC method is particularly
advantageous over the DQ method when dealing with mixed operations, such as ()2/Dxriy
and (D/Dx)Jay. Therefore it has been claimed to be a superior numerical method for solving
the multi-dimensional problems. However, till now, the potential of this method for solution
of a varied class of problems has not been explored and no other work on the application
of the DC method to the structural mechanics field has been reported except for the authors
recently made the first endeavor in using the DC method to solve partial differential
equations in Kirchhoff plate bending problem (Liew and Liu, 1997). The numerical results
(Liew and Liu, 1997) showed that the DC method yields rapid and converged numerical
solutions and the results were in excellent agreement with the exact analytical solutions.
With the encouragement of the previous studies (Civan, 1994; Liew and Liu, 1997), the
authors are now further exploiting the potential applications of the DC method for modeling
a thick plate bending problem in a systematic way.

This paper is organized into several sections. In Section 2, we provide the details of
the DC method. In Section 3, we introduce the concept of DC procedures for bending
analysis of thick plates using the first-order shear deformation theory (Reissner, 1945;
Mindlin, 1951). In Section 4, the ease of use, and the convergence properties and accuracy
of the DC method are demonstrated through the solving of numerical test examples for
which the exact analytical solutions are available for comparison. Finally the conclusions
from this study are drawn in Section 5.

2. DIFFERENTIAL CUBATURE METHOD

Basically the differential cubature method is a numerical procedure expressing a linear
operation such as a continuous function or any orders of partial derivatives of muIti
variable function as a weighted linear sum of discrete function values chosen within the
overall domain of interest ofa problem (Civan, 1994). For a two-dimensional problem, the
cubature approximation at the ith discrete point is given by

n

.J,?{f(x,y)L~ I (';/(xj'y)
;'"1

(I)

where.o/I denotes a linear differential operator which can be any orders of partial derivatives
or the combinations of these partial derivatives, i is the one dimensional index of arbitrarily
sequenced grid points for the two-dimensional solution domain shown in Figs 1-5, n is the
total number of discrete points considered, and eli is the cubature weighting coefficients
determined by the following expression
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Fig. I. The grid point pattern for rectangular plate problem.
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Fig. 2. The grid point pattern for triangular platc problem.
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:9i{X'-I'yi'},= I c;l,;I',.V)'); p=0,1,2, ... ,v: v=0,l,2, ... ,k~1 (2)
I~ I

where i = 1,2,3, ... ,n; or if written in a matrix form, eqn. (2) becomes

Cil ]Ci ,

[x.': - I' \,1'] .- = .11 f x" - I'vl'}! .}. t. i

('m

(3)

in whichj = 1,2,3, ... ,no
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Fig. 3. The grid point pattern for trapezoidal plate problem.
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Fig. 4. The grid point pattern for skew plate problem.

The n-monomials, x'-Iii" are selected from a set of monomials which is used to obtain
a unique solution of eqn (3). These monomials are given as follows:

v=o

v=1

v=2

v = 3

v = k-I

x y

.X'·-/lyll y'-I

(4)

Once the grid points (x" y,) are given, the cubature weighting coefficients ('ii can be obtained
by solving an n x n order linear algebraic equations.
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Fig. 5. The grid point pattern for circular plate problem.

3. MODELING OF THICK PLATES

3.1. Basic governing equations
Consider a thick, homogeneous and isotropic plate, the equilibrium governing equa

tions are given in terms of the displacement components as follows (Kobayashi and Sonoda,
1989):

where

D[ CcPJ (CW )- (I-v)V 2 lj1x+(1 +v);:1 +KGh -~._- -ljI, = 0
2 (IX ox

D[ ) OcPJ (aw )- (I-v)V-ljI,.+(1 +v)-.:;- +KGh .- -ljI,. = 0
2 . oy ay'

(5a)

(5b)

(5c)

(6)

(7)

and w is the transverse deflection; ljI, and ljIy are the rotations of the normal about the x
axis and y-axis respectively; D is the plate flexural rigidity; E is the Young's modulus; G
is the shear modulus; v is the Poisson's ratio; K is the shear correction factor taken as 5/6;
V2 is Laplace's two-dimensional operator; and q is the upper surface load intensity.

The bending moments and twisting moments can be expressed as :

(
CljI, Oljly)M, = -D ..- +v-'
ax ay

(
at/lx at/ly)M,=-D v-l+'~
ex oy

(8)

(9)
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I -- v (at/J., at/J!)M= ---D --+-, 2 ay ax (10)

The shear resultants can be expressed as :

(
aw )Q, = KGh-~.····· -t/J,
ox

(
all' )Q, = KGh ::1. - -t/J,Iy -

(11)

(12)

To normalize the above equations, the following non-dimensional parameters are
introduced:

xx= :
a

(l3a-e)

v 6K(I-V)
l; =-------;
- IF

(l3f-j)

where a and b are the length and width of the plate to be analysed along x-axis and y-axis,
and Qd is the normalized distributed load.

Substituting eqn (13) into eqn (5), normalizing and rearranging them, we obtain

(I +v) a2'¥ a2'¥ - (I-v) a2'¥ - DW
-- -(J--'!. + (J2 __l + --------y - ('¥ .+("- = 0

2 DXay ay 2 2 ax 2 ,Y ,IDY

(l4a)

(14b)

( 14c)

Substituting eqn (13) into eqns (8-10), the bending moments are normalized as follows:

- (D'¥x iJ'¥ y)
M\ = - ax +v(J-;,~-y-

- (iJ'¥x a'¥ yo)My = - v···....-- + (J-~-
iJX () Y

(l5a)

(l5b)

(15c)

where, Mx = Mx/(Dja); My = Mj(Dja); Mxy = M"j(Dja).
Similarly, substituting eqn (13) into egns (II) and (12), the normalized shear resultants

are given as :
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_ (aw )Qx = (5ni --lJIx

_ (aw )Qy = ray -lJI I

where, Qx = Q,!(KGh), Qy = Qyj(KGh).
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(l6a)

(16b)

3.2. Boundary conditions
The boundary conditions for an arbitrary edge can be represented by the following

equations:
• Clamped e((qe (C) :

H' = 0; t/f" = 0: t/f, = ()

• Simply supported edge (5) :

H = 0; M" = 0 ; t/f, = 0

(17)

(18)

Representing the deformation variables and the force resultants in eqns ( 17 18) by
their components along x-axis and y axis yields:

• Clamped e((qe (C) :

• Simp!.v supported e(~qe (S) :

II' = 0

I\'=()

(l9a)

( 19b)

( 19c)

(20a)

(20b)

(20c)

where in eqns (17-20), ii denotes the normal direction of the edge; ii, and ii r represent the
components of unit normal vector of the edge.

Substituting eqns (8--9) into eqns (19--20) and normalizing them using eqn (13) yields
• Clan/ped e((qe (C) :

• Simply supported e((qe (S) :

w = () (21 a)

(21 b)

(2Ic)

w = () (22a)
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- 'Pxfi, +'P yfix = 0 (22c)

3.3. Discretization olbasic equations and boundary conditions
We first define the following linear operators which will be required in the discretization

of the governing equations, moment and shear resultant equations:

a
:Je 1 = ;..··x··~· ;. (

(23a,b,c)

a9£ --'
• 5 - rY' (23d,e)

(23f)

Using the DC procedures, the normalized governing eqn (I4a-c) are discretized as
follows:

/I n 11

ICL6 )Wj- IC}l)'Pxj-f3IC~;)'PYj= -Qd
/~ I /~ I j=']

(24a)

(24b)

(24c)

where i = 1,2, ... , n and Cit) is the cubature weighting coefficients corresponding to
the linear operator iJf",.

The moment and shear resultant eqns (15-16) are discretized as

n n

(Mx)i = -(I Cii' J'Px/+vf3IC}P'P y)
/~ I j~ I

n II

(M,l = - (v I Cj;,)'Px/+ f3 I Cifl'P y)
j= I /=. I

IJ

- _ - '\' (3)(Q,l-()L,Cij Wj-'P Xi
r~ I

IJ

(QI)i =}' I CjJI wr- 'P YI
j=]

(25a)

(25b)

(25c)

(26a)

(26b)

Let i be the index number of the points on boundary. Using the DC procedures, the
normalised boundary conditions for an arbitrary edge (eqns. (21-22» are discretized as

• Clamped edge (C):

'IIXifi, +'P Yifi,. = 0

(27a)

(27b)
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- 'PX/'ll + 'P r;fL. = 0

• Simply supported edge (S) :

W;=O

n II

( -2 -2)"C(3)lTJ +(1 )- -P"C(5 )lTJn, +vn, L. ;i T Xi - V n,n,. L. Ii T Xi
i~ I /~ I

II n

+( -1+-1)P"C(5IlTJ +(1 .)- - "C(3)lTJ -0vn, n,. L. Ii T ri - ~ n,.n, L. ii T ri -
i~l i~l
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(27c)

(28a)

(28b)

(28c)

4. RESULTS AND DISCUSSION

The procedures presented in the preceding sections for the DC method have been
applied for solution of several thick plate bending problems. Plates of different shapes such
as rectangular plate, triangular plate, trapezoidal plate, skew plate and circular plate
subjected to different boundary conditions are selected as the test examples to demonstrate
the applicability and accuracy of the method. The results in terms of deflection, bending
and twisting moments, and shear forces for homogeneous, isotropic, moderately thick
plates with Poisson's ratio \' = 0.3 are presented. In general, by combining eqn (24) and
the boundary conditions given in eqns (27) and (28) results in a 3n number of equations
with a 3n number of unknown coefficients. Thus the values of deflections and rotations can
be determined directly by solving this set of algebraic equations. By substituting the com
puted values of deflections and rotations back to eqns (25) and (26) yields the bending
moments Mx and My, the twisting moment Mxy and the shear forces Qx and Qy of the
problem.

The numerical results for various example plate problems are tabulated in Tables 1-9
and the comparison of the present results with the exact analytical or numerical values
available in the literature. where possible. are made.

4.1. Rectangular plate
The mesh pattern employed for rectangular plates is shown in Fig. I. The numerical

results given here include the uniformly loaded rectangular thick plates with CCCC, SSSS
and CSCS boundary conditions. The grid points are varying from a range of 25 to 181.
The convergence properties of the DC method are studied through the numerical results of
each set of the grid points.

Tables I and 2 show the deflection, moments, and shear forces at major points of the
square plates with different thickness-to-span ratios h/a under the fully clamped and simply
supported boundary conditions. The deflections at the plate center for various thickness
are compared with those from the exact elasticity solutions by Iyengar et all (1974) and
Srinivas et all (1969), the numerical solutions of the higher-order approximate plate theory
by Senthilnathan (1989) and the exact solutions of Kirchhoff plate theory by Timoshenko
and Woinowsky-Krieger (1959). It is observed that the DC results are in excellent agreement
with those from the exact analysis (Iyengar et al., 1974; Srinivas et al., 1969), and more
accurate than the numerical values obtained by Senthilnathan (1989) for the case with fully
clamped boundary conditions. The discrepancy between the results obtained using 85 grid
points and the converged results is within I%. For the deflections at the central point, 41
grid points provide acceptable results with a maximum discrepancy of 1(Yo for the fully
clamped boundary conditions and a maximum discrepancy of 0.16% for the simply sup
ported boundary conditions. For moments at the central point, although a reasonable
accurate results can be obtained using 41 grid points for the SSSS boundary conditions,
the errors become quite obvious for the CCCC boundary conditions, especially in the case
of very small thickness-to-span ratios (e.g. h/a = 0.01). Therefore it is concluded here
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Table I. Numerical results and convergence for a square plate with ecce boundary conditions

H' (I tP;') M:" '11.'" M;,;') Q\JJ Q:", , • x

X= 0.5 X= 0.5 X = 0.5 .y= 0.0 X = 0.5 X = 0.0 X= 0.5
/zia Grid points y = 0.5 Y = 0.5 Y = 0.5 Y = 05 Y= 0.0 Y = 0.5 Y = 0.0

-----------_......- ---------- .. _._--------'_...-.,- . .-------'._._..... _----

0.01 25 1.558 3.261 2.550
41 1.279 2.408 2.249 4.444 5.807 0724 0.182

61 1.264 2.257 2.265
85 1.269 2.308 2.318 5.136 5.168 0.444 0.432

113 1.267 2.278 2.271
145 1.268 2.299 2.306 5.135 5.134 0.435 0.434
181 1.267 2.278 2.246

exact* 1.260 :uo 2.30 5.130 5.130 0.430 0.430
0.05 25 1521 3.053 2.228

41 1.338 2383 2.407 4.739 5.515 0569 0.300
61 1318 2.255 2233
85 1325 2314 2.324 5.107 5.135 0.428 0.412

113 1.326 1.294 2.291
145 1327 1.300 1.300 5.079 5.080 0.426 0.425
181 1327 1.300 2.300

exact+ 1325
referencet 1311

0.10 15 1.604 2.846 2.016
41 1501 2.373 2.429 4.853 5.219 0.458 0.356
61 1.494 2.296 1.285
85 1.501 2320 2312 4.952 4.954 0.411 0.409

113 1504 2.320 2.319
145 1.504 2.320 2.320 4.935 4.936 O.4W 0.410
181 1.505 2.320 2.320

exactt 1.496
referencet 1.465

0.20 25 2.170 2.669 1.990
41 2148 2.353 2.380 4.674 4.788 0387 0.359
61 2.170 2.354 2380
85 2.174 2.358 2.360 4.632 4.629 0.384 0.385

113 2168 2.351 2348
145 2172 2.357 2.357 4.607 4.603 0.379 0.379
181 2.172 2.357 1.357

exactt 2.135
referencet 2.063

(1) 10 'qa4;D; (2) 10 ''la' ; (3) qa.
* Timoshenko and Woinowsky-Krieger (1959).
t Iyengar et 01. (1974).
t Senthilnathan (1989).

that the recommended smallest grid points for the bending analysis of the plate are 85.
Furthermore, it is observed from the comparison studies that a better convergence charac
teristic of the De method is achieved for the SSSS boundary conditions than the eeee
boundary conditions.

The results of different grid points for the moderately thick rectangular plate
(h/a = 0.1) simply supported at x = 0, a and clamped at y = 0, b are presented in Table 3.
A comparison of the maximum deflections with those from elasticity solutions (Srinivas
et al., 1969) and the numerical solutions of the higher-order approximate plate theory
(Senthilnathan, 1989) is carried out. Again, the present results agree well with those
from the exact elasticity results with a maximum discrepancy of 1.79°;;•. The results of
Senthilnathan (1989), however, have a discrepancy of 4.1 'Yo. It should be noted that the
error involved here includes not only the numerical error but also the error due to the
assumptions made in the plate theories.

Based on the previous convergence studies, the De method can now be applied to
analyze the bending behaviors of thick plates with various kinds of boundary conditions.
As an example, we analyze the case of a uniformly loaded square plate with a combination
of sese boundary conditions here. To obtain accurate results. J45 grid points are used for
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Table 2. Numerical results and convergence for a square plate with SSSS boundary condition

11'(11 \1(2! Al;2) Q\') Q;JI, ,
X= 0.5 X = OJ X=0.5 X=O.O X = 0.5

ilia Grid points Y = 0.5 Y = 0.5 Y=05 Y = 0.5 Y = 0.0
_. ------~---------- ---------------"

0.01 25 0.4005 5J02 4.605
41 0.4060 4.881 4.632 0537 0.124
61 0.4065 4.806 4.791
85 0.4065 4.784 4.787 0.327 0.348

113 0.4065 4.791 4.790
145 0.4065 4788 4.789 0339 0.336
181 0.4065 4.789 4.7X9

exact' 0.406 4.79 4.79 0.338 0.338
0.05 25 0.4074 5.273 4.599

41 0.4119 4.814 4.743 0.419 O.n9
61 0.4117 4.810 4.789
85 0.4115 4.786 4.789 0.333 0.343

113 0.4115 4.786 4.789
145 0.4115 4.788 4.789 0.339 0338
181 0.4115 4.789 4.789

exactt 0.4109
referencet 0.4114

0.10 25 0.4262 5.203 4.617
41 0.4280 4.792 4.783 0.364 0.294
61 0.4273 4.795 4.790
85 D.4273 4.786 4789 OJ36 D341

113 D.4273 4.789 4.7X9
145 D.4273 4788 4.789 0.333 0.337
181 0.4273 4.789 4.789

exactt D.4248
referencet 0.4272

0.20 25 0.4918 5.089 4.678
41 0.4910 4.785 4.793 0.343 D.319
61 0.490! 4.788 4.787
85 0.4904 4.787 4789 0.338 0.339

113 0.4906 4.791 4.792
145 0.4904 4.789 4.789 0.337 0.337
181 0.4905 4.789 4789

exactt 0.4861
referencet 0.4904

(I) 10 "qa4/D; (2) 10 'qa'; (3) qa.
*Timoshenko and Woinowsky-Krieger (1959).
t Srinivas el a/. (1969).
t Senthilnathan (1989).

the following computations. Figures 6-10 show the distributions of deflection IV and
moment M, along the center line Y = 0.5, twisting moment and shear force along the edge
X = 0.0 and shear force along the center line X = 0.5. The influences of thickness-to-span
ratio Ii/a on the deflection, twisting moment and shear forces along either the edge X = 0.0
or the center line are also demonstrated in these figures. The results presented for hla = 0.02
in the figures may be regarded as the ones which are corresponding to the solutions from
the Kirchhoff (thin) plate theory.

Figures 6 and 7 illustrate the distributions of the deflection IV and the moment M,
along the center line Y = 0.5 of the plate. It is clear that a symmetric distribution of \I' and
M, is expected under a uniform load. As the thickness-to-span ratio h/a increases, both the
deflection \I' and the moment M, increase. The distributions of the twisting moment My
and the shear force Q, along the edge X = 0.0 under different loads are presented in Figs 8
and 9. The significant effects of the thickness-to-span ratio hja on both Q, and My! are
obvious along the edge near the corner. And in details, with the increase of Ii/a, the twisting
momentM\I increases near the corner but decreases along most part of the edge and when
h/a exceeds a certain value, the maximum twisting moment occurs at the corner, whereas
the shear force Q" increases along the whole edge except for the case h/a = O.()2 in



3666 F.-L. Liu and K. M. Liew

Table 3. Numerical results and convergence for a rectangular plate with CSCS boundary conditions (h/a = 0.1)

11,11) Mrl'l M;?J W,2 ) Q~/J Q~)I, ,
x= 0.5 X= 0.5 X ~0.5 X = 0.5 X= 0.0 X= 0.5

alh Grid points y = 0.5 Y = 0.5 Y = 0.5 Y= 0.0 Y = 0.5 Y = 0.0
---~~---~ -- -._._-'----_. _.- ------_.-.-.. ,-----~ ..,.._-----~--~.,.~~--.-._._--~_ ..--------,..__.---~--_._-

0.5 25 8.902 10.73 4.939
41 9.003 9.056 5.082 1l.75 0.402 0.684
61 8.791 8.656 4.498
85 8.859 8.833 4.763 11.52 0.420 0.673

113 8.859 8.761 4.706
145 8.857 8.n9 4.726 11.42 0.433 0680
181 8.852 8788 4.710

exact* 8.817
reference+ 8.876

1.0 25 2.444 2.105 4.428
41 2.248 2.702 3.374 6.912 o 176 0.544
61 2.209 2.540 3.335
85 2.210 2.590 3.328 6.796 0.252 0.499

113 2.209 2.579 3.327
145 2.209 2.580 3.327 6.801 0.248 0.501
181 2.209 2.579 3.327

exact* 2.191
referencet 2.128

2.0 25 0.2495 0.3953 1.129
41 0.2567 0.3961 1.066 2.186 0.157 0.239
61 0.2562 03922 1.067
85 02555 0.3857 1.063 2.102 0.121 0.260

113 0.2556 0.3833 1.050
145 0.2555 0.3870 1.064 2.113 o 123 0.258
181 0.2546 0.3761 1.064

exact* 0.2510
referencet 02407

(I) 10 Jqa4!D; (2) 10 'qa'; (3) qa
* Srinivas 1'1 al. (1969).
t Senthilnathan (1989).

Table 4. Comparison studies of the present results with the exact solutions (Timoshenko and Woinowsky-Krieger,
1959) for a uniformly loaded simply supported equilateral triangular plate (h/a = 0.01 and 166 grid points)

Point Locations (X. Y)
Parameters

(0.5.0.2887) (0.5,0.2309) (0.5,0.1732) (0.5.0.1155) (0.5,0.05774)
---_..__.-.'--_..__._- -,.-.•.._-_._--~._--_ .._-_._---- "----- -------- --_._',-.._--- -----~---_.-

IV[I 0" 'qlla4 !(Ell1
) J 0.6326 0.6063 0.5248 0.3889 0.02078

Exact 0.6319 0.6056 0.5242 0.3887 0.02081
M,[IO 'qoa'] 0.1805 0.1619 01350 0.09930 0.05444
Exact 0.1806 0.1619 0.1350 0.09931 0.05444
M,[IO 'qua'] 0.1805 0.1876 0.1770 0.1448 0.08709
Exact 0.1806 0.1876 01770 0.1448 0.08711

which the shear force Q, jumps to a high value. However, the differences among the Q,
distributions along the center line X = 0.5 predicted for different h/a are not apparent as
shown in Fig. 10.

4.2. Triangular plate
The mesh pattern employed for the triangular plates is shown in Fig. 2. First we carried

out a comparison study of the present results for the deflections and moments at several
locations along X = 0.5 with the exact solutions of thin plate theory (Timoshenko and
Woinowsky-Krieger, 1959) for a uniformly loaded simply supported equilateral triangular
plate (h/a = 0.01) in Table 4. The grid points employed here are 166 and the Poisson's ratio
used in the calculations is 0.3. An excellent agreement of present results with the exact
solutions is observed.
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Table 5. Results and convergence for an equilateral triangular plate with different boundary conditions (v = 0.3)

Boundary Grid \VO) M~l) M~?I

conditions points X=0.5. Y=0.5 X = 0.5. Y = 0.5 X = 0.5. Y = 0.5
_.._~~--~--~------------~_._. . -----~--_.._"

SSS h/a = 0.01
109 0.6272 01794 0.1797
136 0.6327 01806 0.1805
166 0.6326 01805 0.1805
199 0.6328 0.1806 0.1805

exact* 0.6319 01806 0.1806
FEMt 0.6327 01801 0.1808

h/o=O.IO
109 0.7186 0.1806 0.1806
136 07186 0.1806 0.1806
166 0.7186 0.1805 0.1806
199 0.7186 0.1806 0.1806

FEMt 0.7186 0.1808 0.1808
hla = 0.20

109 0.9788 0.1802 0.1810
136 0.9783 01805 0.1805
166 0.9786 01806 0.1806
199 0.9800 01807 0.1808

FEMt 0.9786 01808 0.1808
eec h/o = 0.10

109 0.2601 08720 0.7992
136 02755 0.8415 0.8317
166 02792 0.8410 0.8424
199 0.2790 0.8403 0.8410

FEMt 0.2787 0.8432 0.8428
h/a = 0.25

109 lJ.7456 0.8639 0.8704
136 lJ.7469 0.8751 0.8751
166 0.7470 0.8757 lJ.8753
]99 0.7469 0.8754 0.8750

FEMt lJ.747 I 0.8779 0.8775
sec h/a = 0.10

109 0.3658 0.1059 0.0993
136 lJ.3627 0.1063 0.0989
166 0.3625 O. ]067 0.0996
199 0.3624 o 1062 0.0987

FEMt 0.3624 01065 0.0990
h/a = 0.25

109 0.8648 0.1052 0.1212
136 0.8696 0.1060 0.1220
166 0.8679 0.1057 0.1217
199 0.8677 0.1057 0.1217

FEMt 08682 01060 0.1220

(I) 1O-'qa4/(Eh 1
); (2) 10 'qa'; * Timoshenko and Woinowsky-Krieger (1959); t ANSYS (5.2) software with

2116 grid points.

In Table 5, convergence studies are carried out for deflection w, moments M, and M,.
at the center of the equilateral triangular plate with SSS, eee and sec boundary conditions
and various thickness-to-span ratios. The grid points used are varying from 109 to 199.
The FEM solutions obtained using ANSYS (V.5.2) are also tabulated for the purpose of
comparison. The FEM results are obtained with refining the mesh until they are converged.
It can be seen that the present results are in good agreement with the FEM solution. It is
obvious that different convergence characteristics for different boundary conditions are
observed. The SSS plates achieved a better convergence than the eee and sec plates
with a maximum discrepancy of 0.7%, whereas for the eec plates with II/a = 0.10, the
discrepancies between the results obtained using 109 and 199 grid points for the deflection
w, moments M, and My at the center of the equilateral triangular plate are 6.77%,3.7%
and 4.8% respectively, but only 1.25% discrepancy in the deflection w, 0.14% discrepancy
of the moment M, and 0.98% discrepancy of the moment My are observed when 136 grid
points are used. For the ecc plates with II/a = 0.25, however, all the discrepancies between
the results obtained using 109 and 199 grid points are within I% except for the moment
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Table 6, Numerical results and convergence of central deflections, moments and shear forces of a trapezoidal plate
with ecce boundary condition (a/b = 1.0, c/a = 0,7)

h/o Grid points n,ll) \4") M;" A;f\.~) Q.\/) Q:3)
I .\

- -- ---------- ------- ."--- -------------------- _...... _..~----~------

0,01 25 0108R 02663 0,2510 0,0000 0,0000 6,0560
41 00901 0,21R5 0,1636 0,0000 0,0000 2,1300
61 0,llR59 0,2078 0,1652 0,0000 0,0000 0,6526
R5 0,OR61 0,2093 01634 O,(JO(JO 0,0000 (J,n82

113 0,llR60 0,2092 (J,1633 0,0000 0,0000 0,7660
145 0,0860 02090 0,1634 0,0000 0,0000 0,775R

FEM* 0,0844 0,2061 0,1650 0,0000 0,0000 07701
0,10 25 0,1056 02157 0,1709 0,0000 0,0000 07043

41 0,1057 02103 o 1687 0,0000 0,0000 08302
61 0, lOSS 02103 0,1678 0,0000 O,OO(lO 0,8079
R5 0,1054 0,2101 o 1678 0,0000 0,0000 0,7979

113 0,1054 0,2101 o 1678 0,0000 0,0000 0,7940
145 0,1054 02100 0.1678 0,0000 0,0000 0,7923

FEM* D,1037 0.2077 o 1685 (l,ODOO D,OOOO O,79lH
D,15 25 o 1284 0,2155 01697 0,0000 0,0000 0,8606

41 0,1290 D,2104 01720 0,0000 0,0000 0,8510
61 O,12R8 D,2105 01714 0,0000 0.0000 0,8193
85 0.1288 0,2104 01714 0,0000 0.0000 0,R163

113 0.1288 0,2104 0.1714 0.0000 0.0000 0,8110
145 0.1288 0,2104 o 1714 0,0000 0,0000 0.R115

FEM* 0,1269 0,2081 (UnO 0,0000 0,0000 0,8102
020 2~ 0,1599 D,2150 0,1707 0,0000 00000 0,7452

41 0,1610 0.2104 0,1753 0.0000 00000 0,8718
61 0.1607 02103 0,1750 0.0000 0.0000 0.8277
R5 0,1607 0.2102 0.1750 0,0000 0,0000 0,8279

113 0,1607 0,2102 o 1750 0,0000 00000 0.8370
145 0,1606 0.21D2 o 1750 0,0000 0.0000 0.8367

FEM* o 1584 0,2080 o 1754 0,0000 0,0000 0,8349

(I) 10 "I,//f): (2) 10 ''fa': (3) 10 -'fa,
* A NSYS (5,2) software with 2626 grid points,

M, which has 1,3% discrepancy, It can therefore be concluded that for the CCC triangular
plate, a better accuracy is obtained when the thickness-to-span ratio increases and for a
small thickness-to-span ratio, more grid points are needed in order to obtain the same
degree of accuracy,

4,3, Trapezoidal plate
The numerical results for the fuJly clamped trapezoidal plate with alh = 1,0 and

c/a = 0,7 are given in Table 6, The mesh pattern of the plate is shown in Fig, 3, and the
grid points are varying from 25 to 145. The convergence properties and accuracy of the
central deflections, bending moments and shear forces for different hla ratios obtained by
the DC method are demonstrated. The converged FEM solutions obtained using ANSYS
(V.5.2) software are also presented for the purpose of comparison. A good agreement has
been achieved between the present results and the FEM solutions. Similar to the results for
the rectangular plate, it is observed that the present results obtained using 85 grid points
have attained an acceptable accuracy as compared to those obtained using 145 grid points.
It is interesting to note that for aJl the cases presented here, the convergence properties of
the deflection and the moments of the central point are better than that of the shear forces.

4.4. Skew rhomhic plate
Consider a skew rhombic plate with the length a and the skew angle ({J as shown in

Fig. 4. A direct comparison study between the present DC results of the deflections,
maximum and minimum bending moments at the centroid of the plates with hla = 0.01
and various skew angles and those obtained using other numerical or analytical methods
is presented for the fully clamped and simply supported skew plates in Tables 7 and 8
respectively. In both tables, the values used for normalization are taken from the published
values of Sengupta (1995), which were obtained using the finite element method based on
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Table 7. Convergence studies of a clamped skew rhombic plate (h/a = 0.01)

Skew angle (tp) Referenccs It';.] ) (Mc)~;I~_\ (Alr);J;i~i
---_._.__._---------~------~

75 61 1,8026 9.1483 8.0733
85 1.8031 91338 8.0953

113 18022 9.1275 8,0951
145 1.8017 9.1250 80930
Sengupta (1995) (FEM) 1.8114 9.0297 8,0930
Sengupta (Mindlin Element A) 1.8004 9.1257 8.0855
Sengupta (Mindlin Element B) 1.7857 8.9492 7,8340
Butalia el al. (1990) 1.7948 9.2207 8.1785
Kobayashi el al. (1995) 1,7966 9.1192 80860

60 61 1.2178 7.9454 60486
85 1.2288 7.9298 6.1381

113 1.2321 7.9231 6.1643
145 1.2332 7.9201 6.1729
Sengupta (1995) (FEM) 1.2429 7.8379 6.1199
Sengupta (Mindlin Element A) 1.2335 7.9161 61754
Sengupta (Mindlin Element B) 1.2275 7.8079 6.0234
Butalia el al. (1990) 1.2281 7.9906 6.2273
Kobayashi ('/ al. (1995) 1.2304 7.9144 6.1760

45 61 0.5773 5.7677 3.6138
85 0.5932 5.7800 3.7747

113 0.5991 5.7801 .'.8394
145 0.6018 5.7800 38680
Scngupta (1995) (FEM) 0.6087 5.7178 .'8498
Scngupta (Mindlin Element A) 0.6051 5.7756 BOO3
Sengupta (Mindlin Element B) 0.6032 5.7104 3.8030
Butalia el al. (1990) 0.5997 5.8270 38933
Kobayashi elal. (1995) 0.6030 5,7768 3.9004

30 61 0.1581 3.1337 1.5142
85 0.1661 3.1895 1.6488

113 0.1698 3.2062 1,7208
145 0,1715 3.2142 1,7208
Sengupta (1995) (FEM) o 1746 3.1754 1.7785
Scngupta (Mindlin Element A) 0.1743 32089 1.8205
Scngupta (Mindlin Elemcnt B) 0.1737 3,1722 1,7479
Butalia el al. (1990) 0.1704 3.2603 1.7639
Kobayashi el al. (1995) 01732 3.2117 1.8156

(1) qa4/(1600Dj; (2) qa'i400.

Mindlin's plate theory. The results in Table 7 show that with the increasing number of grid
points from 61 to 145, they converged to the corresponding "accurate" solutions. For all
skew angles concerned, the DC results obtained using 145 grid points are in close agreement
with those values by Sengupta (1995) and Kobayashi et al. (1995). Furthermore, it is
observed that with the increasing number of grid points, convergence patterns of the fully
clamped moderately thick rhombic plates are monotonous. It is also valid for the results of
the simply supported skew plate given in Table 8. However, it is observed that when the
skew angle (p is smaller than 45, the convergence of the present DC results is not quite
satisfactory because of the singularity of stresses at the obtuse corners. The results for the
plate with !fJ = 30 is in fairly good agreement with those obtained by Butalia et al. (1990).

4.5. Circular plate
The mesh pattern employed for circular plates with radius a is shown in Fig. 5. Table

9 presents the results and convergence study of the central deflections and bending moments
for the simply supported circular plates of various thickness-to-radius ratios, h/a, subjected
to a uniformly distributed load. The calculations are carried out over the whole circular
domain based on the two dimensional differential equation of the plate. The values of the
deflection I\' and moments M, and M, are compared with the solutions obtained by Han
and Liew (1997). It is observed that for the plate with thickness-to-radius ratio more than
0.05, 85 grid points are able to provide accurate results, but for the plate with the thickness
to-radius ratio less than 0.05, at least 145 grid points should be employed for the calcu
lations. When the grid points are increased to 145, the exact results are furnished for all
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Table 8. Convergence studies of a simply supported skew rhombic plate (h/a = 0.01)

Skew angle (<p) References w: l ) (Mc):;,;x (M(.)~;i~1

75' 61 5.5073 1.8716 1.5967
85 5.6424 1.8972 1.6371

113 5.6950 1.9012 1.6608
145 5.7341 1.9061 1.6741
Sengupta (1995) (FEM) 5.8172 1.9030 1.6931
Sengupta (Mindlin Element A) 5.8468 1.9241 1.7097
Sengupta (Mindlin Element B) 60825 1.9650 1.7401
Butalia et al. (1990) 5.8013 1.9207 1.7082

60 61 3.4138 1.5260 1.1013
85 3.6755 1.6069 1.1702

113 37791 1.6301 1.2139
145 3.7591 1.6492 1.2418
Sengupta (1995) (FEM) 4.1079 1.6909 1.3267
Sengupta (Mindlin Element A) 4.1123 1.7075 1.3391
Sengupta (Mindlin Element B) 4.2824 1.7455 1.3670
Butalia et al. (1990) 3.9832 1.6790 1.2980

45 61 1.5659 1.0720 0.62602
85 1.7145 1.1429 0.67414

113 1.7973 1.1776 0.71385
145 1.8528 1.1988 0.74312
Sengupta (1995) (FEM) 2.1285 1.2892 0.8787
Sengupta (Mindlin Element A) 2.1330 1.2995 0.8866
Sengupta (Mindlin Element B) 2.2028 1.3258 0.9008
Butalia et al. (1990) 1.9125 1.2266 0.7803

30 61 0.4499 0.5966 02677
85 0.4888 0.6316 0.2882

113 0.5158 0.6567 0.3066
145 05449 0.6799 0.3321
Sengupta (Mindlin Element A) 0.6690 0.7734 0.4481
Sengupta (Mindlin Element B) 0.6841 0.7853 0.4483
Butalia et al. (1990) 05194 0.6662 0.3166

(I) qa4/(l600D); (2) qa'/40.

Table 9. Central deflections and bending moments of a simply supported circular plate

h/a Grid points H,ll) .M\2f M;21
~-_._--_ .._-------------~---- -'---'---~---------'--'-'---'-"'---~-------- ---~--------_._------_._.,'_.

0.25 85 43633 0.20628 0.20628
145 43626 0.20625 0.20625
lSI 43626 0.20625 0.20625
Han and Liew (1997) 4.3626 0.20625 0.20625

0.15 85 4.1814 0.20632 0.20632
145 4.1798 0.20625 0.20625
181 4.169S 0.20625 0.20625
Han and Liew (1997) 4.1798 0.20625 0.20625

0.25 85 4.1261 0.20639 0.20639
145 41226 0.20625 0.20625
181 4.1226 0.20625 0.20625
Han and Liew (1997) 4.1226 0.20625 0.20625

0.025 85 40991 0.20674 0.20666
145 4.0884 0.20625 0.20625
lSI 4.08S4 0.20625 0.20625
Han and Liew (] 997) 40884 0.20625 0.20625

0.001 145 40769 0.20625 0.20625
lSI 40769 0.20625 0.20625
Han and Liew (] 997) 40769 0.20625 0.20625

(1) qa4/(64D): (2) qa'.

cases. Furthermore, it is shown that as the value of the thickness-to-radius ratio increases,
the deflection at the center of the plate increases whereas the moments M, and M v at the
center of plate remain unchanged. .
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Fig. 6. Variations of)\' along the centre line Y = 0.5 of the uniformly loaded plate (ajb = 1.0).
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5. CONCLUDING REMARKS

In this paper. a first endeavor to exploit the differential cubature method for fun
damental solutions of thick plates was presented. Several test examples for different plate
shapes have been selected to demonstrate the convergence properties, accuracy and the
simplicity in numerical implementation of the DC procedures. The numerical results have
been compared with the existing literature. It has been shown that the DC method yields
rapid and convergence solutions and these results are in excellent agreement with the exact
analytical solutions and other sources of numerical or approximate solutions. Therefore
we can conclude that the method can be used as an alternative to the existing numerical
methods for the solution of thick plate problem or other similar engineering problems.
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